Abstract. We discuss the solution of large-scale box-constrained linear least-squares problems by two recent affine-scaling methods: a cyclic Barzilai-Borwein strategy and an Inexact Newtonlike method where a preconditioning technique allows for an efficient computation of the steps. A robust globally and fast locally convergent method based on the combination of the two procedures is presented along with extensive numerical results.
where A ∈ IR m×n , b ∈ IR m are given, m ≥ n, and µ ≥ 0. In order to ensure that the problem has a unique solution, we assume that A has full rank whenever µ = 0, [4] . The lower and upper bounds l, u ∈ IR n are such that l < u and some components may be equal to minus or plus infinity.
To simplify the presentation, we will initially focus on the case where one-sided bounds apply and outline the generalization to the case of two-sided (box) constraints. Then problem (1.1) can be stated as A number of different methods for the solution of (1.2) have been proposed during the last years [2, 3, 4, 5, 6, 13, 17, 15, 18] . In this work we follow the so-called Affinescaling Interior-Point approach based on the papers [6, 7] by Coleman and Li. This approach relies on the observation that the first-order optimality conditions (KKT conditions) for (1.2) can be written as a nonlinear system of equations . Since the variable x in (1.3) is subject to the nonnegativity constraint, affine-scaling methods for solving (1.3) are iterative procedures generating strictly feasible iterates x k > 0. Given x k > 0, by formal application of the product rule, the kth iteration of the Newton method for (1.3), takes the form (1.5) where (A T A + µI) is the Hessian of the function q, and g i (x) + = max{0, g i (x)}, i = 1, ..., n. Note that the not everywhere existing derivatives of ∂d(x) ∂x i , i = 1, ..., n, are substituted by the real valued functions max{0, sign(g i (x))}. Strict feasibility of the new iterate is enforced by either a projection or a truncation strategy ( [6, 17] ). In case problem (1.2) is large, solving the linear system may be computationally costly and time consuming. This occurrence is addressed in some recent papers adopting different approaches. An efficient solution of the linear systems (1.5) is proposed in [2, 3] ; the resulting method is a Newton-like procedure which converges locally fast to the solution. An alternative approach, presented by Hager, Maier and Zhang in [15] , is the Affine-Scaling Cyclic Barzilai-Borwein (AS CBB) method where the matrix in (1.5) is replaced by a diagonal matrix and the solution of the linear system is not required, [15] .
The above methods were combined with globalization strategies. In particular, in [3] the Newton-like method was embedded into a simple globalization strategy which uses the Newton step and a constrained scaled Cauchy step; here the resulting method will be denoted Globally convergent REgularized Newton-like (GREN) method. On the other hand, the AS CBB method employs a nonmonotone linesearch strategy and has local R-linear convergence to a nondegenerate solution.
The numerical experiments carried out in [2] showed that GREN method is quite successful in practice. However, in some cases, the repeated use of a step bent towards the scaled Cauchy step yields a lack of robustness. In this work we propose a new procedure that combines the GREN method and the AS CBB method. The new approach is based on the use of the GREN procedure as long as its iterates differ considerably from the iterates generated by the scaled Cauchy step. Otherwise AS CBB is applied for some iterations. This choice is motivated by the fact that AS CBB method is superior to classical steepest descent method. A suitable combination of these strategies enhances robustness of both the GREN and the AS CBB procedures and favourably compares with them in terms of computational cost. In Sections 2 and 3 we introduce the AS CBB and the GREN method, respectively. In Section 4 we describe the new hybrid method which combines the above procedures. Section 5 is devoted to the numerical solution of the linear systems arising in the hybrid method. The extension of the preconditioner given in [2] to the case µ > 0 in (1.1) is described along with the study of its spectral properties. Further relevant implementation issues are presented in Sections 6 and 7. The algorithm used for the numerical comparison with the hybrid method is summarized in Section 8. The result of numerical experiments are discussed in Section 9.
1.1. Notations. We use the subscript k as index for any sequence and for any function f we denote f (x k ) by f k . The symbol x i or (x) i denotes the i-th component of a vector x. For any vector t, we let t + = max{0, t}, where max is meant componentwise. Finally, the symbol I denotes the identity matrix of dimension inferred by the context.
2.
The AS CBB method. The general framework of AS CBB method was proposed for general box-constrained optimization problems but here we restrict to the case where the objective function is the one of problem (1.2).
The AS CBB method replaces the Hessian matrix (A T A + µI) in (1.5) by the matrix λ k I where λ k is a positive scalar. Then, the step b k used solves the equation
Remarkably, x k + b k is strictly feasible [15, Lemma 3.4] .
The positive scalar λ k is computed using a cyclic version of the Barzilai-Borwein (BB) stepsize rule. In particular, let
whereλ is a fixed positive parameter,
These BB stepsizes ensure that the denominator in (2.1) is bounded away from zero. The cyclic BB strategy consists in reusing the BB stepsize for several iterations and performs better than the standard BB strategy [9] . In practice, letting c ≥ 1 be the cycle length and l ≥ 0 be the cycle number, the value of the scalars λ k is assigned by the following rule
The choice of the steplength (2.3) is superior to the choice of the classical Cauchy steepest descent steplength along −D k g k both in theory and practice. Since the BB method does not monotonically reduce the value of the objective function, AS CBB method generates a new iterate of the form
where ζ k ∈ (0, 1] is a positive stepsize computed by a nonmonotone linesearch strategy. This way, the generated sequence is strictly feasible, due to the property that x k + b k is strictly feasible.
The algorithm for the kth iteration is given below.
AS CBB ALGORITHM. kth iteration
Else find the smallest integer j such that
The linesearch performed along b k makes use of the local maximum function q max k defined in (2.6) where the scalar C is a fixed integer memory. In particular, q max k is used in Steps 4-5 to choose the scalar q R employed in (2.7). Various strategies for setting q R have been proposed and we refer to [16, Appendix A] . The scalars δ ∈ (0, 1), γ ∈ (0, 1) are the Armijo parameters.
The AS CBB method is globally convergent with R-linear asymptotic rate of convergence to a nondegenerate solution [15] .
3. The GREN method. On the base of the analysis conducted in [17] , the authors proposed a Globally convergent REgularized Newton-like (GREN) method suited for bound-constrained least-squares problems, [2] . Letting
the Newton equation (1.5) is replaced with the linear system
where
The linear system (3.4) can be reformulated as the symmetric and positive definite system
and the corresponding augmented system takes the form
The use of the matrices E and W allows to develop fast convergent methods without assuming strict complementarity at the solution ( [3, 17] ) while the regularizing matrix ∆ k has been introduced in [2] with the aim to design an efficient preconditioner for the augmented system and to avoid the potential ill-conditioning of the augmented system in the case µ = 0.
To enforce strict feasibility of the iterates, the projected Newton stepp k
is formed. Here σ ∈ (0, 1) is close to one, and P (x) is the projection of x onto the feasible set, i.e. P (x) = x + . The GREN method consists of the above described Newton method and of a globalization stategy which provides a sufficient decrease in the value of q with respect to a constrained scaled Cauchy step p C k , [3] . Let ψ k (p) be the following quadratic function
whose minimizer is the Newton step p k . Further, let p C k be an approximate solution to the problem
In practice, p C k is given by
(3.13) Then, the new iterate x k+1 has the form
and it is required to satisfy
This ensures global convergence of the procedure. If the point x k+1 = x k +p k satisfies (3.15), t is simply taken equal to zero, otherwise a scalar t ∈ (0, 1] is computed in order to satisfy
It is easy to see that this problem amounts to finding the smallest root of the above scalar quadratic equation.
The convergence analysis of GREN method carried out in [2] is valid for the case µ = 0 and in an inexact framework i.e. an Inexact Newton step can replace the step p k = S kpk provided thatp k satisfies:
Such convergence analysis can be easily extended to the case µ > 0. Hence the GREN method results to be globally convergent and choosing
for some positive Λ 1 and Λ 2 and for k sufficiently large, it converges quadratically to the solution of (1.2) even if it is degenerate.
4. The hybrid method. The globalization strategy employed in GREN is cheap but may be ineffective in some occurrences. In particular, if the projected Newton stepp k is a poor direction then the step used in (3.14) is likely to be bent towards the Cauchy step p C k . The repeated use of such step may produce a very slow progress towards the solution. In fact, the projected Newton step is guaranteed to provide a sufficient reduction of the objective function only when the current iterate is close enough to the solution. On the other hand, the Barzilai-Borwein method AS CBB is superior to standard steepest descent method both in theory and practice. Therefore, here we propose a hybrid algorithm based on a suitable combination of the GREN and AS CBB methods. In other words, the GREN method is enriched with a further globalization strategy with the aim to avoid unnecessary computations of the Newton step, whenever the projected Newton step does not provide reduction of the objective function.
The combination of the GREN method and the AS CBB method is given in the following algorithm and it is based on the preceeding discussion. The logical variable m GREN has value true if the method to be applied is the GREN method. At the first iteration m GREN is set to true, and then it is adaptively modified. We remark that the AS CBB strategy is activated either in Step 1.4 or in Step 1.5. In the first case, the parameter t u is assumed to be near to one and the AS CBB strategy is performed if the step (tp
In the second case, the switch to the AS CBB strategy is performed if x k is near to the boundary of the feasible set and the projected Newton stepp k does not provide a decrease of the quadratic model ψ k . Since one iteration of the AS CBB strategy is cheap, if in Step 1.5 we activate this method then I max CBB successive AS CBB iterations are performed. We underline that the hybrid method inherits all the asymptotic convergence properties of the GREN method. This is due to the fact that in [2, Theorem 3.1] it is proved that eventuallyp k satisfies ψ k (p k ) ≥ βψ k (p C k ). Then eventually, only the GREN method is applied.
We conclude this section presenting the generalization of the hybrid method to the cases where the unknown is bounded on both sides. In this case everything follows as in the nonnegative case, once the matrices D(x) and E(x) and the Cauchy step are introduced. The KKT conditions are written as in (1.3) letting l ≤ x ≤ u and
n×n be the diagonal matrix whose i-th row is given either by the gradient of d i (x) (whenever d i (x) is differentiable) or by the null vector ( when g i (x) = 0). Then, the k-th iteration of the Newton method for (1.3) takes the form
The diagonal entries e i of the matrix E used in (3.5) are:
otherwise,
Then, the projected Newton step has the form (3.11) where P (x) = max{l, min{x, u}}. The Cauchy step p C k is given by (3.12) with
Finally, we refer to [15, §8] for the generalization of AS CBB to handle box constrained problems.
Solution of the Newton equation.
In this section we address the computation of the Newton step, when the dimension of the problem is large. First, we assume to use an iterative linear solver and to compute an inexact Newton stepp k satisfying (3.17) and (3.18) . In the following, we let p k = S kpk denote such inexact Newton step.
In order to choose an iterative method and a suitable preconditioner, we follow the ideas of [2] and extend the approach proposed in [2] to the case µ > 0. We take advantage of the splitting of the indices {1, . . . , n} into two sets. From (3.1), (3.3) and (3.8) it is easy to note that (w k ) i (e k ) i + (s k ) 2 i = 1, for i = 1, . . . , n. Moreover (s k ) i either tends to zero or one whenever {x k } approaches the solution x * . In fact, if (x * ) i is active and non-degenerate, we have that (x k ) i → 0 and from (3.2) it follows (e k ) i → g i (x * ) = 0. This implies that (s k ) i → 0. On the other hand, if (x * ) i is inactive, we must have g i (x * ) = 0 and from the definition of the matrix E it follows (e k ) i → g i (x * ) = 0 and this yields (s k ) i → 1. In the case (x k ) i is degenerate, it is easy to see, again using (3.1) that if
Therefore, given a small positive threshold τ ∈ (0, 1), at each iteration we let
where card(L k ) is the cardinality of the set L k .
If the set L k is empty then in (3.9) we have S k ≤ 1 − τ . Moreover, S k is expected to be small if x k is close to x * . In such a case, to use a short-recurrence method, we apply the Conjugate-Gradient (CG) method to (3.4) without preconditioner and solve the linear system so that
where the residual vectorr k is required to satisfy (3.18) with η k ∈ [0, 1).
If the set L k is nonempty, we proceed as follows. Let us omit permutations and assume that
Analogously for any diagonal matrix G ∈ IR n×n we let (G) 1 ∈ IR n1×n1 be the submatrix formed by the first n 1 rows and n 1 columns and (G) 2 ∈ IR (n−n1)×(n−n1) be the submatrix formed by the remaining rows and columns. Finally, we consider the
. Then, the augmented system (3.9) takes the form
and eliminating (p k ) 2 from the first equation we get
The preconditioner we use for (5.6) is the matrix
Here we point out that, by (5.1) we have (
2 /τ . Further, we note that when {x k } approaches the solution x * we have
In the following theorems we characterize the spectral properties of the matrix P −1 k A k for varying iterative linear solvers. Iterative methods for indefinite systems such as BiCGSTAB, GMRES, QMR can be applied to solve the preconditioned augmented system. Alternatively, in case A is full rank, the specific structure of (5.6) and (5.7) allows the use of the short-recurrence Projected Preconditioned ConjugateGradient (PPCG) method developed in [10, 12] . While PPCG would have the disadvantage that A must be full rank, it has the relevant features to satisfy a minimization property and to require a fixed amount of work per iteration.
First, we analize the spectral properties of the preconditioned system in case iterative methods for indefinite systems are applied. This analysis was first provided in [2] for the case µ = 0. However, the proof given in [2, Theorem 4.1] had a gap and characterized only the real eigenvalues of P −1 k A k . In fact the eigenvalues of P −1 k A k may be complex. Below we generalize this theorem to the case µ = 0 and provide a new proof which corrects the gap of [2] .
Theorem 5.1. Let A k and P k be the matrices given in (5.6) and (5.7). Then at least m − n + n 1 eigenvalues of P Letting
Proof. The eigenvalues and eigenvectors of matrix P −1
If λ = 1 we get
e. u belongs to the null space of Q k and v belongs to the null space of (W k E k ) 1 . As the rank of Q k is at most n − n 1 , it follows that there are at least m − (n − n 1 ) unit eigenvalues. If λ = 1, denoting λ = 1 + γ we have
adding these two equations we obtain
where Z is the imaginary part of u
are positive semidefinite and α and β are real and strictly positive ( if α = 0 then u belongs to the null space of Q k and v belongs to the null space of (W k E k ) 1 . These conditions imply λ = 1 and this is a contradiction. Analogously, if β = 0 then u = 0 and consequently Z = 0; thus (5.10) reduces to v H (W k E k ) 1 v = 0 and this is a contradiction because if u = 0 and v belongs to the null space of (W k E k ) 1 then λ = 1). Thus
Then, the real and complex part of γ are such that Re(γ) = αβ β 2 +4Z 2 and Im(γ) = − 2αZ β 2 +4Z 2 which give (5.8) and (5.9), respectively. Since α ≥ 0 and β > 0 we conclude that Re(γ) is nonnegative. .
Clearly, if |γ| is small it means that the eigenvalues of P −1 k A k are clustered around one and fast convergence of Krylov methods can be expected. This is the case when x k is close to the solution. On the other hand, when x k is still far away from x * , the following bounds for |γ| can be derived.
Corollary 5.1. Let A k and P k be the matrices given in (5.6) and (5.7), τ be the scalar in
If the elements δ k,i in (3.6) are such that
Proof. Suppose u and v are not null. Then, from (5.11) we have
Then, from the definition of α and β we get:
which yields (5.12).
Consider the case when δ k,i is determined by (5.
Then (5.14) trivially follows from (5.1).
Finally, if either u or v is null the bound (5.15) simplifies to one of the two terms and the thesis still holds.
The previous result (5.14) shows that the spectral properties of the preconditioned matrix are affected by the choice of the regularization term ∆ k . In fact, (5.13) indicates that if µ is sufficiently large it is not necessary to introduce the regularization term in order to get good spectral properties of the preconditioned system. In other words, in this latter case ∆ k may be chosen as the null matrix at each iteration. On the other hand, when µ is small compared to (w k ) i (e k ) i , letting δ k,i = (w k ) i (e k ) i − µ for i ∈ L k we have a better distribution of the eigenvalues of P −1 k A k . Note that for any regularization used, it is essential to keep the term A 2 (S k ) 2 2 /τ as small as possible. Hence, we advise scaling matrix A at the beginning of the solution process to guarantee that the norm A is small.
Let us now consider the application of PPCG method for solving the preconditioned iterative system. PPCG is a conjugate-gradient like method for solving preconditioned block symmetric indefinite linear systems that arise from saddle-point problems and our preconditioned augmented systems fall in this class of problems. Taking into account that PPCG requires the second block of the right hand side to be the null vector, we introduce the vector p *
and rewrite system (5.6) in the following form
Solving (5.16) with preconditioner P k by PPCG is equivalent to applying Preconditioned Conjugate Gradient (PCG) method to the system
using the preconditioner
see [11] . The distribution of the eigenvalues for matrix G
Proof. The proof follows straightforwardly from the proof of Theorem 4.2 in [2] .
6. Scaling of the problem. Numerical experience with the GREN and the AS CBB methods shows that scaling of the problem is crucial for the performance of such algorithms. As will be shown in §9, robustness and efficiency of the AS CBB method seem to be favourably affected by the scaling. Further, a proper scaling enhances the linear algebra phase of GREN method and influences the convergence of the sequence {x k } generated by the hybrid method.
Without lack of generality, let us assume that A has not null columns. We apply a right scaling and divide each column of A by the sum of the absolute values of its entries. Let F ∈ IR n×n be the diagonal matrix where jth entry is the sum of the absolute values of the jth column of A. Thus, our method is applied to the following equivalent problem
When such a scaling of the problem is performed, the hybrid method generates the sequence {x k }, the augmented system (5.16) takes the form
and the preconditioner P k is given by
7. Implementation of the hybrid method. In this section we address the implementation issues, the choice of default parameters for the hybrid method, the preconditioner's factorization, the choice of the regularization matrix and the stopping criteria.
The parameter β = 0.1 is used for the GREN algorithm. For the AS CBB algorithm we followed [15] and set c = 4, C = 6, δ = 10
A maximum number of 10 backtracks were allowed in Step 4 of the AS CBB algorithm. If the criterion (2.7) was not satisfied within 10 backtracks we proceeded with the last computed iterate.
The switching to the AS CBB algorithm was performed using the parameters
Further, in our implementation the switch to I max CBB AS CBB iterations was activated in the case where
This rule is motivated by the fact that the nonmonotone globalization strategy can be beneficial to convergence if we are far from the solution and a stagnation occurs. The factorization of the preconditioner P k given in (6.3) can be accomplished based on the identity
and factorizing Π k . The LDL T factorization of Π k is carried out via the Cholesky factorization of the matrix A T 1 A 1 . We stress that if the set L k and the matrix ∆ k remain unchanged for a few iterations, the factorization of the matrix Π k does not have to be updated. In fact, eventually L k is expected to settle down as it contains the indices of all the components of x * such that (s k ) i tends to one. The rules we used to update the matrix ∆ k and the set L k are the following. The entries of ∆ k = diag(δ k,1 , δ k,2 , . . . , δ k,n ), δ k,i ∈ [0, 1), i = 1, . . . , n are given by
Further, we freeze the set L k and (∆ k ) 1 either if at kth iteration the iterative linear solver has succeeded within 30 iterations and
or if at kth iteration the iterative linear solver has not succeeded within 30 iterations but
Some comments on the choice of the regularization term and conditions (7.3)-(7.4) are in order. The quality of the preconditioner depends on the size of the regularization term. More precisely, it depends on the ratio (w k e k ) i δ k,i + µF
(see the proof of Corollary 5.1). If this ratio is large, the quality of the preconditioner deteriorates. In fact, from the analysis performed in the proof of Corollary 5.1 and taking into account the presence of the matrix F , it seems that the best choice is δ k,i = max{(w k e k ) i − µF −2 i,i , 0} for any i ∈L k . This choice also guarantees fast convergence as the regularization sequence converges to zero when x k approaches the solution (see [2] , Theorem 3.1). In practice, we impose the threshold 10 −8 in order to avoid too small regularization terms. Moreover the set L k and the regularization (∆ k ) 1 are frozen only if the ratio (w k e k ) i /(δ k,i + µF −2 i,i ) is less than or equal to 100. This way the quality of the preconditioner is preserved. Finally, it must be taken into account that, after a freezing, it may happen that an index i such that (w k ) i (e k ) i = 0 does not belong to L k and this yields the singularity of (C k ) 2 if µ = 0. In order to prevent this latter situation, we set the regularization term to 10 −8 , whenever i ∈ L k and max{(w k ) i (e k ) i , µF
i,i } ≤ 10 −8 . We conclude this section discussing the stopping criteria implemented. Due to (6.2), the norms of P (x k −ḡ(x k )) −x k and P (x k − g k ) − x k may differ significantly. Since we are solving the scaled problem (6.1), it is appropriate to check P (x k − g(x k )) −x k ∞ as a measure of optimality but to avoid stopping at a point x k where
At kth iteration we test either if
A failure is declared when the above conditions are not satisfied within a fixed number of nonlinear iterations.
8. The algorithms used for the comparison. The numerical performance of the hybrid method proposed was compared with the performance of the AS CBB method described in §2, the GREN method described in §3 and with the BCLS software package [13, 14] .
The GREN method was implemented as the hybrid method inhibiting the switch to AS CBB strategy. The AS CBB method was implemented in Matlab with the algorithmic parameters (7.1) and two possible strategies for setting the reference function value q after a prescribed number of iterations if a sufficient reduction of q has been achieved. We underline that all the numerical results reported in the next session are obtained using the first strategy for selecting q r k since in our runs this choice turned out to be slightly more effective than the other.
The stopping criteria for successful termination are given in (7.6). A maximum number of 10 backtracks is allowed in Step 4 of the AS CBB algorithm. If the criterion (2.7) is not satisfied within 10 backtracks we declare a failure.
The comparison of the hybrid method with the AS CBB and GREN algorithms allows to establish if our strategy strengthens such approaches and is competitive from a computational point of view.
BCLS is an ISO C-code for solving bound-constrained least-squares problems of the form
where the m-by-n matrix can be any shape, b ∈ IR m , c ∈ IR n and µ is a nonnegative regularization parameter [13, 14] .
The BCLS algorithm is based on a two-metric projection method where the variables are partitioned into two sets. Variables that are well within the interior of the feasible set are classified as free (B); variables that are at or near the bounds are labelled as fixed (N). Two independent directions ∆x B and ∆x N for the free and fixed components of x are generated at each iteration. The step ∆x B is a Newton step and ∆x N is a scaled steepest descent step. Then, the aggregated step (∆x B , ∆x N ) is projected into the feasible region and the first minimizer is computed along the piecewise linear projected-search direction, [8] . The step ∆x B is computed as a solution of a least-squares problem by applying the LSQR method [18] and a preconditioner can be supplied by the user. Note that BCLS reduces the dimension of the linear system to be solved at each iteration but it does not provide an internal preconditioner.
BCLS has been run using a precompiled Mex interface available in [13] . A preconditioner for LSQR was not supplied and default values for the parameters were used. In particular, BCLS successfully terminates if
where τ = 10 −3 and
A failure is declared if (8.1) is not satisfied within 5n nonlinear iterations or 10n linear iterations. The comparison of the hybrid method with the BCLS code allows to assess if our interior-point approach is competitive with a strategy that identifies active set variables.
9. Numerical results. All tests were performed on a Intel Xeon (TM) 3.4 Ghz, 1GB RAM using MATLAB 7.6 with machine precision ǫ m ∼ 2 · 10 −16 . The problems selected include several tests where both the GREN method and the AS CBB method failed to converge. This allows us to highlight the good properties of the hybrid method. We considered 60 matrices from The University of Florida Sparse Matrix Collection [19] ; these matrices belong to 21 different groups, are full rank and such that n ≥ 4000 and A T b 2 ≤ 10 20 . In case of nonsquare matrix with m < n, we used the transpose. Tables (9.1) and (9.2) display the name of the matrix and its group, the dimensions m, n and the number nnz of nonzero entries of A. Moreover, the vector b is set equal to b = −Ae, where e is the vector of all ones and µ is set to zero. In the following we refer to each obtained test problem with the name of the matrix A used.
All algorithms used for the comparison were applied with and without the scaling described in §6. The initial guess x 0 is the vector F −1 e, that is we start the iterative process withx 0 = e.
The tolerances for the stopping criteria (7.5) and (7.6) are
The maximum number of nonlinear iterations allowed for the hybrid method, the AS CBB method and the GREN method is 5000, 20000 and 500, respectively. When L k = ∅, the linear system (5.6) is solved using PPCG. The linear systems are solved with a low accuracy when the current iterate is far from the solution and increased accuracy as the solution is approached. Specifically, following [2] , the forcing term η k in (3.18) is
thus η k decreases as W k D k g k 2 and fast convergence is ensured.
As already underlined in §5, when L k = ∅,p k is computed approximately solving (3.4) by the unpreconditioned CG method.
We set to 100 the maximal number of CG and PPCG iterations. If the stopping criterion is not satisfied within 100 iterations, the algorithm proceeds with the last computed iterate.
The results obtained by the hybrid method on the scaled problems (6.1) are shown in details in Tables 9.3 and 9.4. For every problem we report: the total number it of iterations performed; the number it new of iterations where the Newton step was computed; the number h bt of backtracks performed in the AS CBB phase; the overall number prec of preconditioner updates and factorizations; the average number PPCG a of PPCG iterations performed; the number Aprod of matrix-vector products computed and, in brackets, the number of matrix-vector products needed excluding the linear algebra phase; the values of q at the computed solution x c and the infinity norm g p (x c ) of the projected gradient at x c , i.e. g p (x c ) = P (x c − g(x c )) − x c ∞ . The string "F NI" means that the maximum number of allowed nonlinear iterations was performed.
The hybrid method was able to solve 46 problems (77% of the problem set). For some problems, our solver returns quite a large value g p (x c ). Focusing on the problems where g p (x c ) ∈ [10 −2 , 10 −1 ), we solved them with higher accuracy. In Table 9 .5 we report the number of nonlinear iterations performed and the values of the projected gradient at the computed solution for both the tolerances (9.1) and tighter tolerances. Then we display the relative error between the two computed solutions. From the results obtained, we can conclude that the results obtained with the tolerances (9.1) are accurate, except for one test, even if g p (x c ) is not small and that the implemented stopping criteria work properly 1 . On successful runs, typically the number it new of iterations where the Newton step was computed is considerably smaller than the total number it of iterations performed. Further, 16 problems were solved using only CG for computing the Inexact Newton step and therefore without using preconditioning strategy. On the remaining 30 successfully solved tests, comparing the values of it new and prec, we see that freezing of the preconditioner occurred a few times in 11 problems.
The combination of the GREN method with the Barzilai-Borwein strategy considerably enhances the performance of the GREN method. In fact, the GREN method solves 34 problems (57% of the problem set) and in case of successful runs the elapsed time is higher than that of the hybrid method. The elapsed time performance profile for these runs is displayed in Figure 9 .1.
The numerical behaviour of the AS CBB method is reported in Tables 9.6, 9.7. For every problem we report: the number it of iterations performed; the number Aprod of matrix-vector products computed, the values of q and the infinity norm g p (x c ) of the projected gradient P (x − g(x) ) − x at the computed solution x c . The string "F NI" means that the maximum number of allowed nonlinear iterations was performed. The AS CBB method was able to solve 36 problems (60% of the problem set).
The results obtained show that the hybrid method is more robust than AS CBB method. Concerning the computational cost, we note that there are several problems where AS CBB converges very fast; in particular for 21 problems it requires less than 50 matrix-vector products and clearly, it solves these problems with a very low computational cost. On the other hand, the hybrid method favourably compares with the AS CBB method in terms of computational time on more difficult tests. Table 9 .8 displays the average time in seconds required by the hybrid method and the AS CBB method; in this table we restrict the comparison to problems solved successfully by both algorithms and such that at least one algorithm requires less than 1 second. Table 9 .9 shows the average time in seconds for runs where both algorithms require more than 1 second. Focusing on these tests, we can see from Table 9 .9, that the hybrid method is more efficient than AS CBB on 10 out of 13 tests and the execution time is more than halved for six tests. On the other hand, we note the disappointing performance of the hybrid method on two examples from the Parsec family.
Finally, in Figure 9 .2 we compare the behaviour of the hybrid method and AS CBB method in terms of accuracy of the computed solution in case of successful runs for both methods. In this figure, we plot (− log 10 (g p (x c ))) for both solvers and for each problem successfully solved by both methods. The white bar refers to the hybrid method while the black bar refers to AS CBB. The height of the bars gives the level of accuracy reached. The figure clearly shows that the hybrid method reaches a lower level of accuracy than AS CBB only for 8 tests.
Next we report results obtained with BCLS. BCLS seems to be slightly more robust and computationally cheaper if scaling is applied. In particular, it solves 45 problems (75%) when no scaling is applied and 48 problems (80%) when scaling is applied. Proper scaling of the problem affects the linear algebra phase; if the problem is badly scaled, BCLS may fail as the maximum number of allowed LSQR inner iterations is reached.
Let us focus on the application of BCLS on scaled problems. In Tables 9.10 and 9.11 we report solution statistics for BCLS method: the number major-itns of iterations performed; the number minor-itns of linear iterations performed; the number Aprod of matrix-vector products computed and, in brackets, the number of matrix-vector products needed to perform the globalization strategy; the values of q and the infinity norm g p of the projected gradient at the computed solution x c . All the failures declared by BCLS code are due to the fact that the maximum number of linear iterations allowed was performed and are indicated by "F LI".
BCLS is able to solve 48 problems (80%) of the problem set but some comments on the returned norm g p (x c ) are in order. For 14 problems the value of g p is equal to zero and this feature can be ascribed to the active set strategy employed as the solution of these tests is the null vector and therefore all the constraints are active at the solution. On the other hand, in case of 10 successful runs we have obtained g p (x c ) > 10 −1 ; we explain these occurrences noting that BCLS does not apply an internal scaling and in (8.1) the gradientḡ of the scaled problem is checked. A comparison of the values (−log 10 (g p (x c ))) obtained on successful runs by the hybrid method and BCLS method is shown in Figure 9 .3 (runs where g p (x c ) is null are excluded). The Figure  shows that in the solution of four tests BCLS declares successful termination but g p (x c ) ≥ 1. Moreover, the level of accuracy reached by the hybrid method is lower than that reached by BCLS only in four tests.
Performing further runs with tighter tolerances on problems where g p (x c ) > 10 −1 , we obtained the results reported in Table 9 .12. As we can see from the table, except for two tests, the level of accuracy in the computed solution increases considerably when tighter tolerances are used. We think that providing a scaling of the problem and a control of the original gradient ∇q(x) is a good feature of our implementation which distinguishes it from BCLS.
Focusing on the iterations where a Newton step is computed, we see that the number it new of iterations performed by our code is similar to the number major-itns of major iterations performed by BCLS. In Figure 9 .4 we draw the performance profile comparing the values of it new and major-itns on successful runs.
Regarding the number Aprod of matrix-vector products, our method requires a lower number of products with respect to BCLS. This saving can be ascribed to the use of our built-in preconditioner but it is not easy to compare the computational effort of the two codes as the cost of our preconditioning technique is difficult to estimate. A fair comparison of the computational cost can be performed restricting to problems where our code did not require preconditioning. We recall that this is the case when the set L k defined in (5.1) is empty, see (5.2) . For such problems, in Figure 9 .5 we draw the ratio of the number Aprod of matrix-vector products required by BCLS and our code respectively; the height of the dotted line is equal to 50. This ratio is always greater than one and lower than 50 for 8 problems. From Figure 9 .5 we can see that in the solution of these tests our method needs considerably fewer matrix-vector products than BCLS. Table 9 .12 Further runs with BCLS on scaled problems
